Proceedings of the 7" International Conference on Applied Informatics
Eger, Hungary, January 28-31, 2007. Vol. 1. pp. 115-120.

Some aspects of clothoids

Andreas Kommer, Thomas Weidner

HfT Stuttgart and TU Dresden (Germany)
e-mail: {andreas.kommer,thomas.weidner}@hft-stuttgart.de

Abstract

Clothoids are curves used especially for road design. Their main property
is, that the curvature varies proportionally with the arc length. They cannot
be described exactly in an analytic sense because the clothoid is based on
Fresnel integrals. In order to implement the clothoid in CAD systems certain
approximation methods are used. We choose a polynomial approximation
for the 2D-clothoid based on s-power series as this method is very accurate
and simultaneously has a low degree of the Bézier polynomials. We describe
offsets of 2D-clothoids, defined by its normal and study geometrical attributes
of these offset curves.

Furthermore methods for a three dimensional approximation of the cloth-
oid are proposed and discussed, focussing on the behaviour of curvature and
arc length of the spatial curve.
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1. Definition of clothoids

Clothoids are defined using Fresnel integrals

C(t) = fot cos ”T“L?du
S(t) = [y sin T2 du

Hereby, we get the following parametric representation of clothoids:

z(t) C(t) > [ cos ™ du,
c(t) = =) =) 0 2

2 ( y(t) ) ( S() 1% sin 72 du
with clothoid parameters b = a/7 or a = %, resp.

Curvature and arc length of clothoids are proportional

mt /7t

curvature kK = — =
b a
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(1.2)
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arc length s = bt = at\/7 (1.4)
1
SR=—5s (1.5)
As t — £00, c(t) spirals around the - so called - asymptotic points Palsz with values
1 [om am s _ ( am am
Pasy_ (777) ,Pasy— (_77_7) (16)

Figure 1: Clothoid

2. Approximation of the clothoid with s-power series

As mentioned above the Fresnel integrals (1.1) cannot be described in an an-
alytic sense. Therefore several approximations are known. We decided to use an
approach, which is based on Hermitian splines [1]. This method has been proved
to be very suitable for our approximation problem (see [2]).

2.1. Motivation

An approved method for putting together piecewise defined functions

f: [to,tl] — R
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is the use of Two-Point-Hermite-Interpolants Hy(f;¢) which reproduce the k-th
derivative at the endpoints of f(¢). This polynomial converges against f(t) if the
function does not have singularities in the complex plane, which is true for the
Fresnel integrals. Furthermore we get C*-continuity at the endpoints if Hy(f;t)
has degree 2k + 1. Unfortunately polynomials of higher degree can not be derived
from those of lower degree by just adding higher-order terms as this is possible e.g.
with Taylor polynomials. To evade this problem [1] introduces a new basis — the
symmetric counterpart of power series.

2.2. Definition of s-power series

A s-power series over the unit interval [0,1] is a power series with symmetric
parameter s = (1 —w)u u € [0, 1], whose coeflicients ay, are linear functions in u:

_ S . s=(1—-uu
o) = it i ( R SarA e ) 2.1)

Observe, that ay, is already given in the Bernstein basis. s*

the k-th scaled central Bernstein polynomial:

can be interpreted as

Fu) = ( 2 )_1B,§k(u) with B2(u) — ( 2 ) (1—wfa®  (2.2)

This property proves to be very useful if we want to calculate the Bézier represen-
tation of the approximating curve. A function a(u) can be expressed as a unique

s-power series Hy(a;u) = SO ai(u)s'.

2.3. Computing s-power series of the clothoid and its offset

[1] explains, how to compute the coefficients a? and aj, (2.1) for the Fresnel
integrals step-by-step based on the calculation of s-power series for fundamental
operations like addition, multiplication, composition ...; as well as for trigono-
metric functions and integrals. By combining them, nearly every function can be
described as s-power series.

Approximating the offset of a clothoid c4(t) for a displacement d is quite easy,
because the offset has the form

calt) = c(t) £ dn(t), n(t) = ( —singt? ) (2.3)

42
coth

So we just have to compute — in addition to the approximation of the clothoid c(t)
— the s-power series for the sinusoidal functions contained in the unit normal n(t)
(2.3).
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2.4. Bézier representation of the approximating curve

An elegant and numerically stable way of computing the Bézier representation
of an approximation based on s-power series is to utilize the form of the symmetric
parameter s (2.1). A function in s-power representation

u) = Z ar(u)s®
k
can be expressed as:

a(u) = Z(a%(l —u) +apu)(1 —uw)kur = Z[ag(l WHLE L1 — )Rt

k k

or with Bernstein polynomials:

a(u) =) R B (u) + ap BT (w)] (2.4)
k

—1 -1
N 2k +1 R 2k +1
ag_( h ) . a,g:(kﬂ) al.

Every “summand” consists of two Bernstein polynomials Bf* ™ (u) and Bif{l(u)
Let H;(a;u) be a Hermite approximation. We want to have the Bézier representa-
tion with Bernstein polynomials of degree 2l 4+ 1. Therefore we just need repeated
degree elevation up to the degree 241 applied to every “summand”. Corresponding

coefficients can be combined and we get the Bézier representation of H;(a;u).

where

3. Approach for 3D clothoids

3.1. 3D-clothoids

It was mentioned in the abstract, that clothoids are used especially for road
design as manifolds between straight lines and arcs of circles. Since roads are
not always plane, it would be nice, to have a three dimensional representative of
clothoids. But clothoids are only defined in 2D-space, thus we get the general
representation

z(t) fo cos TY-
ct)=| vt) | =b| [isin _du 216.96 (3.1)
2(t) £(t)

with some function f(¢). (In the following, we set b =1.)



Some aspects of clothoids 119

0.4

0.31

0.21

0.1

o o2 clt.'-al 0.6

Figure 2: order-3 Hermite approximation of the clothoid (k = 3, degree n = 7) together
with its corresponding Bézier-polygon, domain ¢ € [0, 1]

3.2. Linear approach

As we can choose any function type, the easiest way for defining f(¢) is a linear
approach

z(t) = f(t) = kt (3.2)
with k& = const, k € R.
Geometrical properties:
7r
curvature kK = T -t (3.3)
arc length s = v/1+ k2t (3.4)
. km
torsion T = T t (3.5)
From (3.3) and (3.4) follows
K~ S (3.6)

so the main property of 2D-clothoids also holds for 3D-clothoids. (3.3) and (3.5)

provides
-

k= t 3.7
- cons (3.7)

Since the fraction 7/k is constant, 3D-clothoids with linear z-functions are cylin-
drical helixes.
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4. Conclusions and outlook

We described an approximation method for a clothoid and its offset respec-
tively, which is very accurate and simultaneously uses polynomials of low degree.
Based on that technique we can approximate the 3D-clothoid treated in section 3.
Investigations have shown, that Hermitian splines do a good job for the 3D case as
well. It can be expected, that the proposed approximation yields good results for
a generalized height function f(¢) (3.1). Our focus laid on the proportionality of
arc length and curvature of the approximating curve. Further research on planes
which include the clothoid and its offsets (in the 3D case) has started. Therefore
we need to know more about properties of the desribed surface, such as transversal
slope, certain curvatures, etc. It is also interesting to study geometrical attributes
of offset curves of the clothoid.
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