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Abstract

As an introduction we describe two algorithms for determining funda-
mental domains ( D-V cells ) of XIX.27/01/01 and XXI1.31/05/02/002
[BBNWZ]| space groups. With the first algorithm we obtain a 4-polytope
as fundamental domain of XIX.27/01/01 space group [AMO01] belonging to
the decagonal crystal family. The second algorithm determines a fundamental
domain of a space group with broken translations [AMO02].

Then we describe a method for orthogonal projection of E%-pictures on
2D-screen, and we can illustrate the edge structure of D-V cells for 25 space
groups to the decagonal and icosahedral families of E*.
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1. Description of Space Groups in E?

A space group T is defined in space E? as a group of isometries with a compact
(bounded and closed) fundamental domain F i.e.

U YF=E¢ and IntF N IntyF =0 forany ~yeT\{1}
yel’

(“Int” abreviates interior, vF is the y-image of F, 1 denotes the identity map).
Any element « of T' associates each point X with its image X =:Y by (d+1)-
row-column multiplication as usual:

()= (6 ) ()= ) (1) (7)
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are introduced. We write «(a;A) as well. The dxd matrix A is called
the linear part of «, the column vector a is its translational part. All these are

expressed in a coordinate system (O, eq,...,e4) with an origin O, and a so called
lattice basis (eq,...,eq). Lis the integral linear combinations of the basis vectors
(e1,...,€q)

L={l=el'+ - +eqd?: (...,1% ez},

where Z denotes the set of integers.

1.1. D-V Cell and Fundamental Domain

The D-V cell of the kernel point P to its I'-orbit is

Dr(P)={X €¢E? : p(P,X) < p(yP,X) for ecach ~eT}

2. Fundamental domain for space group
XIX.27/01/01

The Gramian matrix in the decagonal family is:

a b — 1 (a+2b) —%(sz)
G b a b —5 (a+20b)
4= —% (a + 2b) b a b
—3(a+2b) —3(a+2b) b a
To simplify our discussion, b = —fa will be assumed, since we want to find a

fundamental domain as simple as possible. The point group I'gs of space group
27/01/01 = I's has one generator: 75, mapping

€] —+€4 —~€2 > —€1 — €3 — €3 — €4 — €3 — €7

cyclically, thus 5 is a transform of order five, indeed.

2.1. Algorithm for the fundamental domain F5 of space group
I's

First: We choose the kernel point P; (1;1;1;1), and determine the 3-plane
bisectors of Py and vPi, v € Tos (P; lies in negative halfspaces of the former
3-planes).
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The transforms and the equations of 3-planes will be

Op -1 1001 Op 00 -1 o1
0 -1 0 1 0 100 -1 0
75:%0 -1 0 0 0%,7220, 'ygzgo 1 0 -1 ()E,fxzo7
1 -1 0 0 0 00 1 -1 0
0 0 0 0 1 000 0 1
O 1 10001 Op 0o -1 1 01
1010 0 00 -1 0 0
ygzgq 0 0 1 OE,—w:O; vg:gl 0 -1 0 OE,—yZO
1.0 0 0 0 01 -1 0 0
0 00 0 1 00 0 0 1

Thus we get a pyramidal domain Fys with apex O that will contain Fs5.

Second: We determine the equations of bisector 3-planes of the origin O and
its I's-images, now the lattice points with 0,1, —1 coordinates . In case of T'5 it
will be enough to take points with 0,1 coordinates. The origin O always lies in
negative halfspaces of the above 3-planes. Thus we can intersect the pyramid by
new 3-planes

The lattice points and the equations of 3-planes:

LD 2 +y+2+w—2=0

(1;0:0:0: )" 4z —y—z2—w—-2=0,

(0;1;0;0;1)" ,—z+4y—z—w—2=0,
(0;0;1;0;1) ,—z —y+4z—w—2=0,
(0;0;0;1;1) —x—y—z+4w—2=0,
(1;1;0;0;1)" ,3x 4+ 3y — 2z — 2w —3 =0,
(1;0;1;0;1)" ;32 —2y+32—2w—3=0,
(1;0;0;1;1)" ,3z — 2y — 22+ 3w —3 =0,
( )
( )
( )
( )
( )
( ),
( )

’ﬂ’ﬂ’ﬂ’ﬂ’ﬂ’ﬂﬂ

0;1;1;0;1)" , 224+ 3y + 32z — 2w -3 =0,
0;1;0;1;1)" , 22+ 3y — 2z + 3w -3 =0,
0;0;1;1;1)" , —2x —2y+ 32+ 3w —3 =0,
1;1;1;0;1)" ,2x + 2y + 2z — 3w — 3 =0,
1;1;0;1;1)" 22+ 2y — 3242w —3 =0,
1;0;1; 151 2c =3y + 22+ 2w -3 =0,
0;1;1;1;1)" , -3z +2y+22+2w—-3=0.

’ﬂ’ﬂ’ﬂ

T
T
T

Third: We start with five suitable equations of 3-planes and determine the 5
vertices of a starting simplex ( 5-cell ). We take a new 3-plane, substitute the
coordinates of all vertices of the convex 4-dimensional polyhedron into its equation.
If at least one vertex exists in the positive halfspace of the 3-plane, then we cut
the polyhedron, otherwise leave it.

Finally, the fundamental domain F5 has 19 geometric 3-faces and 65 proper
vertices.
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Fundamental domain of space group 27/01/01 (F5)

Element generator

3-faces

=0,

—z4+4y—z—w—2
3zx+3y—2z—2w—3

=0,

de—y—z—w—2

=0,

rz4+y+z+w—2
—r—y+dz—w—2

3z—2y+3z—2w—3

=0,

0,

—r—y—z+4w—2
3x—2y—2z+3w—3
—2x—2y+324+3w—3

0,

0,
0,

0, —2z+3y+3z—2w—3=

0,

2x42y+42z—3w—3=

0,
0,

=0,
0,

—2x+4+3y—2243w—-3
2x+2y—3z+2w—3

0;

—3zx+42y+2z42w—3

2z —3y+2z4+2w—3
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The edgestructure of Fs
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3. Fundamental domain (Fs¢) for space group
XXII.31/05/02/002

The icosahedral crystal family has two Bravais lattices with Gramians

I R AN R
A IR
5 g e S| g st
S e VAR I B

for the primitive and its SN centred ( seitenflichen-nebendiagonal-zentriert ) lat-
tices.

XXII.31/05/02/002 = T's; is the richest space group for the SN centred
lattice with broken translations [BBNWZ]. The 120 transform of its point group
T'g5¢ and all transforms of I's; itself can be generated by homogeneous 5x5 matrices,
as usual

0 0 -1 0 0 0O 0 1 0 0
11 1 1 2 0O 0 0 1 0
ve=10 -1 0 0 i,'YBt: -1 -1 -1 -1 2],
000—1% 1000%
0 0 0 0 1 0O 0 0 0 1
0 0 -1 0 %
-1 0 0 0 0
Ye=]0 -1 0 0 0
1 1 1 10
0 0 0 01

3.1. Algorithm for the fundamental domain F5; of space group
L5t

First: We determine all broken translations of I's; in increasing distances, say,
to the origin O, at the same time we obtain the transforms without translations
Y05 € L'stav(o) < Lost-

Second: We determine the equations of bisector 3-planes of the origin O and its
broken translates.

Third: We choose the second kernel point P (1;1;1;1), and determine the pyra-
midal domain Fgqp0) With yo5’s fixing O.

Fourth: We apply the algorithm in the third point of previous chapter, and we
obtain the equations of 3-planes and the vertices of the fundamental domain.

Our fundamental domain Fs; will have 20 bisector 3-faces and 45 proper ver-
tices.
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Fundamental domain of space group 31/05/02/002 (Fs¢)

[ Generator elements

Oo 0 -1 o:L o 0 0 0 0:L
1 1 1 2 0 0 0 1 0
74,5:%0 -1 0 0 %E, 75,5:%—1 -1 -1 -1 %E,
0 0 o -1 2 1 0 0 o 31
0 0 0 0 1 0 0 0 0 1
Oo 0 -1 o0 %1
-1 0 0 0 o0
ygt:go -1 0 o0 OE;
1 1 1 1 0
0 0 0 0 1

4. E9-pictures on 2-screen

Let (aj,az,...aq,a0) be a fixed homogeneous coordinate system of E¢ ¢ P
with given ( possibly skew )Gramian

(< a;, a; >); a;; = ajj, for i,7=1,...,d.

Let (e1(t),ea(t),eo(t)) be Cartesian homogeneous coordinate system of the
screen, moving by the time ¢, expressed in a;:
e.(t) =a;e’ (t), a=0,1,2; i=0,1,...,d;

with the projective freedom of non-zero R-factor, and the orthogonality

€ap =< €q, €3 >=< r€q, 55 >= €,Ars€; = 0ag
a,fe{l,2}; rse{l,2,....d}.

Any point X (x = a;2%) will be orthogonally projected onto the screen

(e1(t),ex(t), eo(t)),

and the image Y (t)(y (t) = eq(t)y®(t)) of X is to express by (z?), (a,s), ek (t).
The crucial assumption is

< ajel, (H)y*(t) — aix'c(t), apefs(t) — agef(t)dg(t) >=0
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in general, but 2° =1, €§(t) =1,eY =€) =0, thus y° =1, c¢(t) =1,

1,dy(t) = da(t) = 0 can be assumed from the beginning for any time ¢ later. The

do(?)

cases 2 = 0 lead 3° = 0, i.e. ideal points have ideal images ( at the infinity ).

3-faces

—x—y—2z=0, —zrz—y—w=0, —y—z—w=0,
—2r—y—z—w=0,
3z—3w—1=0,
6z+6y+32—2=0,
—3x+3y—3z+3w—2=0,
6x+3y+92z+12w—5=0,

—3z+9y+3z+6w—5=0,

—r—y—2z—w=0,
—3z4+3w—1=0,
6x+32z4+6w—2=0,
92+43y+92+4+9w—4=0,
3z+12y+92z+6w—5=0,
—3z+6y+3z+9w—5=0;

—r—y—2z—2w=0,
6z+3y+3z+3w—1=0,
3z+46y+62z—2=0,
6y+9w—4=0,
3z+9y+1224-6w—5=0,

Vertices
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N
|
=
=
|
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(57 123 g 5i)7 (151’ 1_51a 127 12)’ (_]25737 1_527 1§2v) (—]QO’i57215’—52),
(l%’ 145’ l%’ ]25)7 1(57’2151’ ]15’11)5 ’ (1ié 157’1152’ %5) ’ (151’ 151’ 1%’ 125) ’
(17545 1257%57%5)7 (l117577157é)7 (i57%5i5715)a (751’]1577115,15)7
BN S ek
1276 2324/ 40621223/ 3agaga?a 97377?a
1,1 2) R (F 170 =1 (10,1, =1)
(19 ’ 7%a? ) 16 L?7671?, ) 6’1671’§1 ) 677’16’1 61 )
(671()’1Ta§)7 (67177?7§)? (O’E’El’ ?)a (Oa?agalg)a
((% 767()’)5})7 (%,O7§7§)7 ( ) 7570)7 ( 70a07§)a
0507 ) ;

The edgestructure of Fsy
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