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Let K be a field and let {d1, . . . , dm} and {s1, . . . , sn} be two sets of mutually
commuting derivatives and automorphisms acting on K, respectively. Let Λ :=
{δkσl | δ = (δ1, . . . , δm), σ = (σ1, . . . , σn), k ∈ Nm, l ∈ Zn} denote the corre-
sponding set of difference-differential terms. We use the notation (l1, . . . , ln)|·| to
denote the multi-index (|l1|, . . . , |ln|). Then the differential- and difference order
of λ = δkσl are given by ordδ(λ) := |k| and ordσ(λ) := |l|·||, respectively. By
D we denote the free K-module generated by Λ. For θ = ∑λ∈Λ aλλ ∈ D let the
differential- and difference-order of θ be given by ordδ(θ) := maxaλ,0{ordδ(λ)}
and ordσ(θ) := maxaλ,0{ordσ(λ)}, respectively. By Drs we denote the subset of
elements of D whose differential- and difference-order are bounded by r and s, re-
spectively. D can be equipped with a natural ring structure by the commutation
rules αβ = βα, δia = aδi + di(a), σja = sj(a)σj for all a ∈ K, α, β ∈ {δ1, . . . , δm, σ1,
. . . , σn}, 1 ≤ i ≤ m, 1 ≤ j ≤ n. For a left D-module M generated by h1, . . . , hq let
Mrs := Drsh1 + . . . + Drshq. Then there exists a polynomial ψ(r, s) ∈ Q[r, s] such
that for all r, s ∈ N sufficiently large ψ(r, s) = dimK Mrs. The polynomial ψ is
called the bivariate difference-differential dimension polynomial of M. This concept is
similar to the one of Hilbert-polynomials in commutative algebra. A. Levin gave
a characteristic set approach for computing ψ [Lev00], and a very general Gröb-
ner bases approach for computing multivariate dimension polynomials [Lev07],
where the Gröbner bases are computed with respect to several orderings but the
automorphisms are not considered to be invertible. M. Zhou and F. Winkler pub-
lished an algorithm for computing Gröbner bases with respect to two orderings
for the case of invertible automorphisms and used this to compute ψ in a fashion
similar to Levin’s [ZW08]. We are going to recall the basic notions of their ap-
proach in order to present MAPLETM implementations of algorithms for comput-
ing Gröbner bases in difference-differential modules and for computing bivariate
difference-differential dimension polynomials. A detailed description of the im-
plementations can be found in [Dön09].
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